Abstract. Dark Matter which interacts strongly with itself, but only feebly with the Standard Model is a possibility that has been entertained to solve apparent small-scale structure problems that are pertinent to the non-interacting cold Dark Matter paradigm. In this paper, we study the simple case in which the self-scattering rate today is regulated by kinematics and/or the abundance ratio, through the mass-splitting of nearly degenerate pseudo-Dirac fermions χ 1 and χ 2 or real scalars φ 1 and φ 2 . We calculate the relic density of these states in a scenario where self-scattering proceeds through off-diagonal couplings with a vector particle V (Dark Photon) and where the abundance is set through number-depleting 4-to-2 reactions in the hidden sector, or, alternatively, via freeze-in. We study the implications of the considered models and their prospect of solving astrophysical small-scale structure problems. We also show how the introduction of the (meta-)stable heavier state may be probed in future dark matter searches.
Introduction
The non-gravitational nature of Dark Matter (DM) remains a mystery. Yet, the apparent similarities in the cosmic abundances of DM and baryonic matter [1] , Ω DM 5 Ω B , may be considered as indicative that both forms of matter were once in thermal equilibrium with each other. If so, this demands a minimum strength in coupling between the Standard Model (SM) and the hidden sector, restricting severely the class of models that hosts a successful DM candidate. In the past, this class of models has received by far the biggest attention, theoretically as well as experimentally. Most prominent in this class are extensions of SM that feature weakly interacting massive particles (WIMPs) as DM. WIMPs carry electroweak-scale mass and couple to SM with a strength that is reminiscent to that of the weak interactions. The correct relic density is then achieved in the chemical decoupling process from the SM.
Once the link between the SM and DM is gradually severed, both sectors may never reach thermal equilibrium with each other. The requirement Ω DM 5 Ω B then becomes prone to initial conditions and the details of the cosmic history, but the spectrum of possibilities amplifies. One possibility is that the DM abundance is set entirely in the hidden sector. This has been entertained recently in strongly self-interacting DM models that annihilate in number-depleting 3-to-2 [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] or 4-to-2 interactions [20] : the so-called Strongly Interacting Massive Particle (SIMP) mechanism, where "strong" must not necessarily allude to a confining dark force. Although chemical equilibrium with the observable sector is never reached, DM may still carry the imprint of the SM thermal bath through elastic scatterings that keep DM in kinetic equilibrium with SM. In fact, the latter is often imposed as a requirement to prevent DM particles in the final state of the number-violating annihilation process to act as hot DM, significantly modifying structure formation [21] . Finally, it is possible that the dark and observable sector never reach kinetic equilibrium. It is the case adopted in this work. The "coldness" of DM can then be ensured by allowing the initial DM temperature T to be much smaller than the SM temperature T [12, 20, 22] . 1 Such initial condition can, e.g., be dynamically achieved through a feeble coupling between DM and SM particles, through a hierarchy in branching-ratios in inflaton decay, or, more generally, by heating the SM sector through the decays of some exotic particles.
Although laboratory signatures of DM are less certain in the latter "non-WIMP"-type of models, elastic self-interactions of DM have consequences for structure formation. Models of SIMP DM have therefore been entertained as a solution to the small scale structure problems, which appear to persist in the collisionless DM paradigm, such as the "core vs. cusp problem" [23] [24] [25] [26] and the "too-big-to-fail problem" [27, 28] . These can be alleviated if at the scale of dwarf galaxies there exists a large self-scattering cross section, σ, over DM particle mass, m, in the range 0.1 σ/m 10 cm 2 /g [29] [30] [31] [32] [33] [34] [35] [36] [37] . The self-scattering of DM particles leads to heat transfer that decreases the density contrast in the centers of DM halos turning cusps into cores and changing the subhalo abundance matching due to a lower halo concentration. Selfinteracting DM therefore directly addresses the two small-scale problems [29] [30] [31] [32] [33] [34] 37] , while astrophysical solutions also exist [38] [39] [40] [41] . Although this effect alone cannot efficiently reduce the formation rate of luminous galaxies in DM subhalos, it may still alleviate the "missing satellites problem" [42, 43] with help of more DM physics (e.g. warm or decaying DM) or baryonic feedback. 2 Finally, the non-observation of an offset between the mass distribution of DM and hot baryonic gas in the Bullet Cluster constrains the DM self-interaction cross section to σ/m < 1.25 cm 2 /g at 68% CL [48] [49] [50] , i.e., approximately 1 barn for 1 GeV DM mass. Similarly, recent observations of cluster collisions lead to the constraint σ/m < 0.47−2 cm 2 /g at 95% CL [51, 52] .
Here we consider the scenario that SIMPs come in the form of a finely split mass doublet, where the ground state (state 1) and the heavier state (state 2) share a common Z 2 symmetry, stabilizing state 1. Depending on the mass splitting between the two states, the heavier one can be long-lived on cosmological time-scales. The scenario hence resembles "inelastic DM" [53] where, at tree-level, each state only scatters with its counterpart, but not with itself. As a result, the effect of DM self-scattering depends on the abundances of both states. This provides a new way to regulate the DM self-interaction, alleviating strong astrophysical constraints in certain cases. In practice, it is achieved by modifying either the DM annihilation rate or the lifetime of heavier state. In the case of a long-lived heavier state, it leads to a twocomponent DM model. In order to achieve strong enough self-interaction, we are concerned with nearly degenerate states with sub-GeV DM mass, hence distinct from both exothermic double-disk [54] and boosted DM [55] . Moreover, the existence of the heavier state in our scenario leaves distinguishable imprints in the low-redshift Universe, as well as in DM search experiments.
It is the purpose of this work to investigate the viability of the above scenario for 1 Alternatively, one may consider an enlarged dark sector that contains additional relativistic states at the moment of the freeze-out [7, 8] , thereby preventing the heating of DM during freeze-out.
2 While latest observations [44, 45] tend to prefer the latter option, the problem remains unsettled [46, 47] .
both scalar and fermion DM. In this scenario the dark and observable sectors carry distinct temperatures. Such difference in temperatures can e.g. be generated in a small branching from inflaton decay into DM [56, 57] . The dark sector then reached chemical equilibrium within its own sector, while remaining decoupled from the SM sector. Alternatively, a difference in temperatures could also be dynamically generated, via a small portal between DM and SM particles through freeze-in [20, 58, 59] . For maintaining a nearly decoupled dark sector, we assume that the dark particles only feebly couple to SM particles, via a vector portal coupling. Throughout the study, the vector V mediating the DM self-interaction is assumed to be heavier, so that Sommerfeld enhancement plays no role [60] [61] [62] . Note that the Z 2 symmetry between two states prohibits 3-to-2 self-interactions, but instead allows for 4-to-2 annihilation (or, alternatively, freeze-in) to generate the observed DM density. The paper is organized as follows. In Sec. 2 we introduce simple models for finely split states. In Sec. 3 we discuss the generation of the DM relic abundance via the 4-to-2 annihilations (or freeze-in) for two scenarios: pseudo-Dirac and real scalar DM. Sec. 4 is devoted to the astrophysical implications of split SIMPs; searches for possible connections between the dark and the visible sectors are discussed in Sec. 5. The conclusions are presented in Sec. 6. Some formulae used in this work are provided in the Appendices.
Simple Models with Off-diagonal Interactions
A natural and simple possibility to ensure the dominance of inelastic interactions in selfscatterings is through the mediation of a massive vector particle V µ when the components of a Dirac fermion Ψ are split by small Majorana masses m L , m R , or the real and imaginary parts of a complex scalar Φ by a mass-squared parameter m 2 φ ,
Here, D µ ≡ ∂ µ + ig V V µ is the covariant derivative with gauge coupling g V , Ψ c = CΨ T denotes the charge conjugate state, P R, L ≡ 1 2 (1 ± γ 5 ) are chirality projectors and H is the SM Higgs doublet. The scalar potential of Φ is given by
As we are interested in the possibility of split DM, the quartic self-couplings, λ Φ and λ Φ , are assumed to be negligible unless otherwise stated. We assume m L, R M D and m φ M for which Ψ decomposes into two mass-diagonal Majorana states χ 1, 2 = χ c 1, 2 and Φ into two real scalar fields φ 1, 2 ,
For the fermion states χ 1, 2 the mixing angle that diagonalizes the mass matrix is maximal
The masses are given by
We note in passing that a complex m φ would not lead to a similar O(δ) term in the scalar case, and we set all mass parameters to be real. In the following it will be convenient to parametrize the model in terms of m ≡ m 1 and ∆m ≡ m 2 − m 1 > 0. The interactions in the mass eigenbasis read
Finally, the Lagrangian for the new gauge boson is given by 9) where in the last term we consider an effective coupling to a SM current J µ SM . A particular prominent choice is the gauge kinetic mixing [63] of the V and hypercharge (Y ) field strengths, −κ/(2 cos θ W ) F Y µν V µν . In the low-energy effective theory, the coupling to the electromagnetic current is most important and hence J µ SM = e f q ff γ µ f above, with e being the electromagnetic gauge coupling and q f the charge of SM fermion f . The coupling of V to the SM neutral current is suppressed by m 2 V /m 2 Z and thus negligible for m V m Z . We hence refer to V as "dark photon" throughout the paper. In all cases, we also impose the condition m V > m 1 + m 2 to ensure efficient decay of V within the dark sector.
Before moving to the next section, we comment on diagonal interactions that may appear. On the one hand, in the fermionic case the mass splitting is typically generated by a vacuum expectation value of a doubly dark-charged scalar S with the interaction term S Ψ c Ψ , that leads to a diagonal interaction term proportional to the mass splitting ∆m, i.e. m L + m R . For ∆m m, its contribution to the DM elastic scattering is typically much smaller than the one produced by box diagrams with the exchange of two V bosons. A similar conclusion holds for interactions proportional to δ, i.e., for the parity-violating difference between m L and m R . On the other hand, for scalar DM, the quartic couplings λ Φ , λ Φ > 0 in the scalar potential V Φ yield diagonal interactions. Throughout this work, we require them to be weaker than the ones induced by exchanging two V bosons (see below). This holds true when
Likewise, we assume δ = 0, so that diagonal interactions do not play a role in either DM self-scattering or DM 4-to-2 annihilation.
Dark Matter Relic Abundance
We first study the generation mechanisms of the observed DM density, and how the relative abundance of states 1 and 2 is determined. Within the framework of standard cosmology, the final abundance of DM particles can be generated either via 4-to-2 annihilations or via freeze-in. We start with the former and discuss the latter towards the end of this section. We assume that the dark sector (states 1, 2 and V ) was once in equilibrium with each other, so that we can define the relative abundance of states 1 and 2 by their corresponding ratio Figure 1 . Exemplary 4-to-2 annihilation diagrams. The first two diagrams (left and central panels) are the only non-vanishing processes in the leading non-relativistic limit for pseudo-Dirac DM. For scalar DM there is a another topology (right panel) which involves a quartic gauge coupling that is diagonal in φ i .
Here T denotes the dark sector temperature which is, in general, different from the photon temperature T . Eq. (3.1) is valid when both states are non-relativistic and share a common chemical potential, i.e., while the 11 ↔ 22 reaction is in equilibrium. When considering finely split states χ 1, 2 or φ 1, 2 it is natural to solve for the sum of the respective number densities n ≡ n 1 + n 2 = n 1 (1 + R) in the relic density calculation. Let us point out that the 11 ↔ 22 reaction does not affect the total DM number density; nevertheless, the latter process is crucial to determine the value of R at late times.
In the SIMP mechanism, the final DM abundance is fixed by number-depleting processes, some of which are shown in Fig. 1 . Quantitatively, the evolution of the dark-sector comoving number density is governed by the Boltzmann equation
where x ≡ m/T and Y ≡ n/s is the yield variable, including both states 1 and 2, defined in terms of the SM entropy density s(T ). Y eq denotes the equilibrium yield in the dark sector. The thermally averaged cross section is given by
The definition of the expressions ijkl → ab is detailed in Appendix A. Since Y describes the total abundance of both states 1 and 2, only total number-changing processes are taken into account, including co-annihilation channels. In this expression, the entropy density s and the Hubble rate H are functions of the temperature T , whereas R is a function of T (or equivalently x ≡ m/T ). In our study, we solve the Boltzmann equation (3.2) numerically and obtain the freeze-out time and the DM relic abundance (see Appendix B).
As already pointed out in Ref. [3] , if dark and visible sectors are decoupled, one can equivalently track the evolution from the separate conservation of respective comoving entropies S and S. The DM abundance at freeze-out can then be estimated as [20] 
which in turn allows to determine the entropy ratio, from the observed DM relic abundance and for a given freeze-out point, x FO . In practice, the value of x FO is of order O(15) (see left panel of Fig. 2 ), so for each DM mass the final relic abundance is largely fixed by the entropy ratio, and vice versa.
Importantly, the fact that x FO cannot be arbitrarily large yields an upper bound on the entropy ratio, and thus on total extra energy density contributed by the dark sector. The latter is often quantified in the effective number of relativistic neutrino degrees of freedom, N ν eff = 3.046 + ∆N ν eff where ∆N ν eff measures beyond SM contributions. Quantitatively, Eq. at T ∼ 1 MeV, assuming a relativistic dark sector at that moment. From Eq. (3.5) it follows that for DM heavier than a few keV, the dark sector does not contribute to extra radiation in quantities where it is currently constrained: the concordance of Big Bang Nucleosynthesis (BBN) predictions and observationally inferred primordial light element abundances of D and 4 He imply N ν eff = 2.88 ± 0.16 [64] (marginalized over the CMB determined baryon density). The scenario is also consistent with the CMB determination without BBN, N ν eff = 3.15 ± 0.23 [1] , because dark particles will have become non-relativistic at matter-radiation equality for m 1 keV.
Pseudo-Dirac Dark Matter
For fermionic DM, the only non-vanishing S-wave annihilation process is 2χ i +2χ j → 2χ i with i = j, due to the Pauli exclusion principle. 3 That is, the 4-to-2 interaction rate, Eq. (3.3), becomes being suppressed in the non-relativistic regime by the number density of state 2. In the previous equation, the two relevant annihilation cross sections are given by 2) in the non-relativistic regime: for several temperature ratios T /T at freeze-out, the figure shows the freeze-out point (left panel) and the dark gauge coupling g V (right panel) for achieving the measure DM abundance, as a function of the DM mass. The upper blue region, corresponding to g V > √ 4π, goes beyond our perturbative approach. It is shown that for an increasing DM mass, a larger x FO (and hence a stronger Boltzmann suppression) is required in order to achieve the correct relic density. This implies a later freeze-out and in turn a stronger gauge interaction. A suppression of the DM yield can also be achieved by imposing a colder dark sector, where smaller values of x FO and g V can produce the observed DM density. The right panel suggests the ballpark of interest for DM masses: for m GeV one faces the perturbativity limit; in turn, fermionic DM is also bounded from below, m 1 keV, by the Gunn-Tremaine limit [65, 66] . For the remainder of this work we restrict ourselves to the keV-GeV mass bracket. In the lower regions of both panels, freeze-out proceeds when DM is (semi-)relativistic (x FO < 3). There, the final DM abundance can be directly obtained from the temperature ratio, and independently of the gauge coupling g V [67] .
The left panel of Fig. 2 also shows that x FO is much smaller than the assumed value (∆m/m) −1 = 100 for the entire parameter region. That is, the number density of state 2 remains relatively unsuppressed at freeze-out, which guarantees that S-wave annihilation dominates. This can also be seen from the left panel of Fig. 3 , where we plot the values of g V needed in order to produce the observed DM relic abundance through S-wave annihilation for fermionic DM. For the plot, we choose m = 10 keV and m V = 5 2 m + ∆m. It illustrates how the increase of ∆m/m leads to a smaller S-wave annihilation rate, which in turn needs to be compensated by a larger g V . Such a feature is more noticeable if the freeze-out happens later, i.e., larger x FO , corresponding to higher masses or smaller T /T | FO (see left panel of Fig. 2 ). This can be understood from Eq. (3.1): larger x FO leads to stronger Boltzmann suppression in R. In practice, velocity suppressed contributions to annihilation do not become important until ∆m/m ≥ 10% (20%) for T /T | FO = 1 (5). Hence, for our purposes, it is safe to neglect them, as we will be mostly concerned with mass splittings ∆m/m 1% in the following sections, which are phenomenologically more interesting.
Real Scalar Dark Matter
In a similar fashion as for pseudo-Dirac DM we obtain the solution to the Boltzmann equation for the two finely split real scalars φ 1, 2 . The major difference is the absence of Pauli blocking in the initial state of four scalars; channels involving more than two identical particles in the initial state, such as 3φ i + φ j → φ i + φ j and 4φ i → 2φ j , with i = j, are now allowed. The cross sections read
where a 1122 = 1, a 1111 = a 2222 = 12 and a 1112 = a 1222 = 4. As a result, the freeze-out process is not suppressed by either the number density ratio R or the relative velocity, i.e., all the terms in Eq. (3.3) are present in this case. The dependence of g V on ∆m/m for scalar DM freeze-out, using the same DM and vector masses as before, is illustrated in the right panel of Fig. 3 . As can be seen, the required values of g V to obtain the DM abundance is less sensitive to the mass difference for scalar DM. Once ∆m/m 20% annihilation via 1111 → 22 becomes dominant while others become suppressed by R. Since the interaction rate of 1111 → 22 is approximately independent of the value of ∆m/m at freeze-out, so is g V .
Relative Abundance of the States 1 and 2 at the Decoupling
In this subsection we discuss the abundance ratio R defined in Eq. (3.1), and especially its value R dec ≡ R(T dec ) after the decoupling of the reaction 22 ↔ 11 at a dark sector temperature T dec . Its value today, R 0 , will be discussed in Sec. 4.1; astrophysical implications in the lowredshift Universe depend critically on the latter. It is clear that R 0 = 0 if the decay rate of state 2 satisfies Γ 2 H 0 , where H 0 is the Hubble constant. However, if state 2 is meta-stable on cosmological timescales, Γ 2 H 0 , then R 0 R dec . In the SIMP mechanism studied above, where dark sector thermalizes in the early Universe, T dec is found from
where n(T de ) is fixed by the observed DM relic abundance. Note that the relation between T dec and T dec , or equivalently, between the entropies of the two sectors, is given by the solution of the Boltzmann equation (3.2), as mentioned above. Due to its large cross section, the kinetic decoupling typically happens after the 4-to-2 freeze-out. Although it is difficult to solve the above equation analytically, R(T dec ) may be estimated as follows: given that n(T dec ) is fixed by the observed DM abundance, the factor inside the square bracket in Eq. (3.9) should be close to the thermal annihilation cross section of ordinary WIMP DM at decoupling. That is, R dec ∼ O(1) pb/ σ 22→11 v . Nevertheless, we caution the reader that this analogy fails once m/T dec 25, or, in practice, when ∆m/m 10 −2 , and in the following we solve Eq. (3.9) numerically. Figure 4 shows the values of R dec that result from fixing the freeze-out abundance to the observed DM relic density (by adjusting T /T | FO ) for two different mass splittings: ∆m/m = 10 −2 (left panel) and 10 −6 (right panel). A large mass splitting results in a negligible abundance of state 2. On similar grounds, large values of R dec are observed in the region of small g V and large m. The latter combination corresponds to regions of small annihilation cross section, for which an appreciable number of particles of type 2 must be present to facilitate the 4-to-2 processes. R dec 1 is only achieved when T dec ≥ ∆m and together with Eq. (3.9) this implies
where, again, the observed DM abundance has been used as an input. Before ending this section, we comment on the case of the freeze-in via the production of V from SM. 4 If the DM abundance is generated by freeze-in, the DM number density is proportional to the portal interaction, as the latter transfers energy from the SM thermal bath to the dark sector. 5 Under the assumption that the dark sector is never thermalized, the value of R 0 can be close to unity, provided the longevity of state 2. However, nonthermalization within the dark sector typically requires small values of the dark coupling g V 10 −3.5 m/MeV (m V /m) 1/4 as obtained from considering the rate for V V ↔ 11 (22) . In this case, the corresponding condition to achieve R 0 = O(1) is the same as Eq. (3.10), but the temperature ratio between two sectors now relies on the details of freeze-in. Roughly, the upper limit on g V for freeze-in can be approximated by setting T FO ∼ T FO ∼ m in Eq. (3.10), suggesting quite small dark couplings g V 10 −3.5 m V /(m ∆m MeV 2 ) 1/4 . Therefore, for both 4-to-2 SIMP annihilation and freeze-in, R 0 1 cannot be achieved for sizable large dark couplings, unless new ingredients such as dark radiation or non-standard cosmology are considered.
Astrophysical Implications of Split SIMPs
So far we have studied how the DM relic abundance can be generated in the early Universe for split SIMPs and computed the relative abundance of the two states. The assumed small mass splitting and the feeble coupling to the SM sector suppress the decay width of the heavier state, making a two-component DM model viable. In this section we investigate the ensuing astrophysical implications.
Due to the non-diagonal coupling in the dark sector, self-scattering 11 → 11 only appears at the loop-level. Hence, the relative abundance of states 1 and 2, R 0 , enters in the DM selfscattering 12 → 12 in dark halos of dwarf galaxies and colliding clusters as well as in the determination of the free-streaming length of keV DM affecting structure formation. Even if state 2 decays, it may affect structure formation at small scales due to the small velocity kick that the daughter DM particle receives. These three effects are investigated separately below, and the results are summarized in Fig. 5 for ∆m/m = 10 −2 (left panel) and 10 −6 (right panel). While they are calculated for pseudo-Dirac DM, similar results apply to scalar DM.
Decaying DM after Decoupling
The ratio of states 2 and 1 today, R 0 , is obtained from the value of decoupling by R 0 = R dec e −t 0 /τ 2 ∼ R dec e −Γ 2 /H 0 where τ 2 = Γ −1 2 is the lifetime of state 2. In the minimal set-up, decays into a single on-shell photon final state, φ 2 → φ 1 γ and χ 2 → χ 1 γ, cannot occur through kinetic mixing. 6 State 2 hence decays to state 1 plus a pair of SM fermions, or three photons, depending on kinematics. The decay into an electron/positron pair χ 2 → χ 1 V * → χ 1 e + e − is allowed for ∆m > 2 m e and typically dominates the total decay rate. For kinematically unsuppressed decay,
where H 0 is the Hubble constant, implying a lifetime that can be comparable to the age of the Universe. For scalar DM an extra factor of 2 needs to be added. The total decay width to SM neutrinos, Γ χ 2 →χ 1 νν , is suppressed by another factor of (m V /m Z ) 4 × 3/(8 cos 4 θ W ). 1 is a dimensionless number parametrizig the mixing [69] . the decay to charged lepton pairs is kinematically forbidden, the decay proceeds dominantly via the emission of three photons, χ 2 → χ 1 V * → χ 1 3γ, where we have made use of the expression for Γ V →3γ as given in Ref. [70] in the second line. Owing to the strong dependence ∆m/m it shows that for ∆m < 2 m e state 2 quickly becomes extremely long-lived. Hence, it is always possible to realize R 0 R dec and we conclude that the model typically features two-component DM where state 2 decays on cosmological time scales. Decaying DM has long been proposed as a solution to small scale structure problems. For instance, the cosmological simulation in Ref. [71] has suggested that if the lifetime of a heavier state is of the order of the age of the Universe, the kick velocity v k received by the daughter DM particle should be around 20-40 km/s, or (0.6 − 1.2) × 10 −4 c, to appreciably modify structure formation at comoving length scales of O(100) kpc. The split SIMP provides a new example of this kind of models since v k /c ∆m/m pointing to the ∆m/m = 10 −4 ballpark. Finally, we note in passing that DM decay into radiation, without seriously disrupting halostructure (non-relativistic kick), is not able to reduce the discrepancy between Planck and low-redshift measurements of H 0 [72] . To address the last discrepancy, both R 0 ∼ 1 and ∆m/m ∼ 0.1 are required. 
Self-scattering of SIMPs
After having established the conditions for longevity of the excited state above, we now turn to its implications in the low-redshift Universe. Figure 6 shows the contributions to the self-scattering involving an initial state 1. 8 They are 12 → 12 elastic scatterings, 11 → 22 endothermal scatterings and radiatively induced 11 → 11 scatterings denoted as σ 12 , σ en and σ rad , respectively. 9 The cross sections for these processes are listed in Appendix C for both fermionic and bosonic DM.
As explained in Sec. 1, a SIMP model that is able to address small-scale structure problems should have a self-interaction cross section of σ/m ≥ 0.1 cm 2 /g inside dwarf galaxies. In contrast, at larger scales astrophysical observations suggest an upper bound on DM selfinteraction. Given the uncertainties existing in the relevant constraints [52, 74] , as a simple criterion, we required the effective self-scattering cross section involving state 1 over DM mass, as defined below, to be smaller than 1 cm 2 /g at the galactic scale,
where a statistical factor of 1/2 has been added to avoid double-counting in the latter two terms. The first term includes a factor of R 0 as the interaction rate for 12 → 12 hinges on the abundance of states 2, Γ 12 R 0 n 1 σ 12 v . If state 2 has decayed, the remaining treelevel contribution to self-scattering is given by the second term, describing the endothermic scattering 11 → 22. Here, the relative kinetic energy of initial particles with relative velocity v must bridge the mass splitting,
4) where v esc is the escape velocity and v 0 is related to the velocity dispersion of the system,
0 , normalized to unity. The Heaviside step function Θ provides the kinetic cutoff for up-scattering. Here K 1 (ξ) is the Bessel function of the second kind, with ξ ≡ 2 ∆m/(mv 2 0 ); hence, the last factor in the square bracket converges to 1 for ξ → 0, and becomes exponentially suppressed for ξ 1. The third term in Eq. (4.3) accounts for the radiatively induced elastic scattering 11 → 11. It is dominated by diagrams with the exchange of two (heavy) V bosons, and has an interaction rate Γ rad = n 1 σ rad v . This process can be 8 The rate for self-scattering of states 2, 22 → 11 or 22 → 22, is suppressed by R 2 0 and correspondingly less important. 9 The case of self-interacting inelastic DM where self-scatterings take place through light mediators has been studied in Ref. [73] .
important for certain parameter regions where a large mass splitting significantly reduces the contributions of the two previous contributions.
In Fig. 4 , we identify the region in the [g V , m] plane which yields R 0 σ 12 /m = 1 cm 2 /g by the dashed lines at the top-left corners. The left (right) panel corresponds to ∆m/m = 10 −2 (10 −6 ). The value of R 0 is computed from the decoupling and R 0 = R dec has been assumed. As a comparison, parameters associated with σ 12 /m = 1 cm 2 /g are also given by the dotted line in each panel, highlighting the importance of tracking R until the decoupling of the 2-to-2 process in the early Universe. The potentially excluded regions from self-scattering, σ SI eff /m > 1 cm 2 /g at the galactic scale (at the cluster scale) are given by the dark (light) brown shaded regions in both panels of Fig. 5 . For the left panel, both exclusions coincide because the endothermic channel is always strongly suppressed due to the large mass splitting. Meanwhile, σ SI eff /m = 0.1 cm 2 /g and 10 cm 2 /g for dwarf galaxies are shown with two dotted lines; the region in between addresses the aforementioned small-scale structure problems.
It is worth emphasizing that the constraint (4.3) has to be viewed with some caution. The abundance ratio of the two species is assumed to be universal, and is set to be R 0 . In practice, this ratio may depend on the dynamics and merger history of dark halos. On the one hand, dense DM halos with large velocity dispersion may enhance the 11 → 22 endothermic process, thereby increasing R 0 differentially in those objects. On the other hand, as state 2 only contributes a small portion of the total DM abundance, scattering with state 1, during halo mergers, may deplete state 2 in the inner regions of halos, hence suppressing the overall effect of DM self-interactions. Accounting for the latter likely requires cosmological simulation and is beyond the scope of this work.
Free Streaming
Self-scattering is also relevant in the high-redshift Universe as it controls the free-streaming of DM particles, which in turn determines the smallest DM objects that can be formed from primordial perturbations [75] . Here, two competing effects need to be considered. First, in the 4-to-2 annihilation process, DM particles get boosted in the final state. The dark sector hence has a tendency to be naturally hotter than the SM after freeze-out, adding to the freestreaming after DM chemical decoupling. Second, 2-to-2 self-scattering will keep the particles contained up to diffusive processes until a temperature T k when the latter cease,
where Γ 1 = n 1 σ SI eff v for state 1. Apparently, this happens after the decoupling of the annihilation process 22 → 11, that is, T k < T dec . Since the interactions are short-range, m V > m 1 +m 2 , we are allowed to neglect the detailed momentum transfer in each collision [76] .
After the DM kinetic decoupling at cosmic time t k , the (non-relativistic) DM velocity redshifts as
The comoving freestreaming length λ fs is given by integrating the velocity until matter-radiation equality at cosmic time t eq ,
Here, we assumed that the Hubble rate H is dominated by the SM energy density and g (T ) counts the SM relativistic degrees of freedom at photon temperature T ; T 0 and T eq are the corresponding temperatures at present and at matter-radiation equality, respectively. In our numerical evaluation, we additionally take into account the free-streaming in the matterdominated epoch.
The strongest observationally inferred limit on λ fs is derived from the matter power spectrum suppression induced by DM free-streaming and comparing Lyman-α observations and cosmological hydrodynamical simulations. The current limit is λ fs 100 kpc [77, 78] and it is shown by the gray shaded region in Fig. 5 . As can be seen, the bound for sizable g V is very weak due to the efficient DM self-scattering. Finally, we point out that there are additional effects from collisional damping and dark acoustic oscillations [79] , which are not considered here because they only lead to a suppression of the matter power spectrum at similar or scales smaller than λ fs for our parameter choices. They become important in the limit m V m for which additional dark radiation in form of V remains coupled with DM [80] .
Sensitivity and Constraints on the Kinetic Mixing Portal
By assumption, the dark sector interacts with the SM through the "kinetic mixing" portal. The requirement on maintaining decoupled sectors in the early Universe, and on ensuring longevity of state 2, implies κ 10 −6 , precluding missing energy searches in both collider and fixed-target experiments. Although astrophysics remains the best probe, indirect and direct searches have some potential to probe the model by exploiting the mass splitting between the two states. Below we provide a brief discussion thereof, and for exemplary mass-splitting ∆m/m = 10 −2 and g V = e, the parameter space in [m, κ] is chartered out in Fig. 7 .
• Equation (3.4) relates the relative comoving entropies of the hidden and SM sector, S /S 1, through the DM relic abundance requirement. A priori, this ratio can be originated from sources independent of the SM, such as a branching of the inflaton decaying into the dark sector. Any finite value of κ will lead to the transfer of energy/entropy from the SM to the dark sector, hence increasing the ratio S /S and thereby imposing an upper limit on the strength of the portal interaction. Notice that the energy transfer is significantly enhanced if V bosons can be created on-shell by electron pair annihilation, i.e., m V ≥ 2 m e . This implies κ O(10 −10 ) for MeV DM with a heavier m V and no additional contributions to the DM abundance. In turn, for m V < 2 m e the value of κ is allowed to increase into observationally more interesting regimes. The excluded region assuming no other a priori sources than SM for dark sector particles is labeled "too much entropy-transfer" in Fig. 7 .
• The decay of state 2 into state 1 is accompanied by SM radiation, injecting an energy per baryon of E inj /n B = ∆m (R dec n 1 )/n B , possibly constrained by BBN and CMB. For BBN, the ballpark of sensitivity on electromagnetic energy injection is O(MeV)/baryon for τ 2 10 5 s, see e.g. Ref. [81] . Hence, only mass-splittings ∆m MeV > 2 m e are energetically relevant, where the decay proceeds by producing an electron-positron pair. We conclude that, approximately,
should hold for respecting the limits on electromagnetic energy injection (with branching Br em ) from BBN; the factor 5 is the ratio Ω DM /Ω b of DM to baryon densities today, assuming that decoupling in the dark sector happens before t ∼ 10 5 s. It turns out that in our model the BBN constraints are respected. Longer lifetimes are most stringently constrained by CMB measurements [1, 82, 83] , rather than by indirect searches [84] . The limits derived in Ref. [83] can be cast into ∆m m
which is shown as the orange shaded region on the right-hand side of Fig. 7 . As can be seen from the figure, when the channel to electrons becomes kinetically forbidden at m 100 MeV, τ 2 increases dramatically and surpasses this bound.
• The heavier state behaves as exothermic DM and may thus be detectable in direct detection experiments. Although its mass lies below the GeV scale, the energy transfer to the target A (nucleus or electron) through the inelastic collision 2 + A → 1 + A,
where µ mA is the reduced mass between DM and target, can be larger than the experimental threshold. The scattering results in a monochromatic signal, up to corrections proportional to the relative kinetic energy and bound state effects (the latter of which can be substantial). For the small mass splittings of interest, collisions with electrons are more prospective, as they cause larger energy transfer. The cross section on the latter is given bȳ
where a = 1 (1/2) for fermions (scalars) and assuming m m e . Since we consider m V > 2 m, the cross section is suppressed and current sensitivity from ionization only data from XENON10 [85] and XENON100 [86] falls short; DM limits based on the latter data for elastic scattering and absorption have previously been presented in Refs. [87] [88] [89] [90] . However, once ∆m 1 keV the energy deposition is large enough for reducing the background via the scintillation signal. Adopting the results from an axion search in XENON100 [91] we find that direct detection starts probing the plane for √ R 0 κ 10 −9 with improvements expected from LUX [92] and XENON1T [93] . Finally, a whole number of proposed searches may be able to improve the sensitivity on κ-and to be sensitive to minute ∆m eV-in the future [94] [95] [96] [97] [98] [99] ; see Appendix D for details on the derivation and more results of the direct detection region.
• Finally, astrophysical constraints are of significant relevance at probing the production and emission of feebly interacting light particles from stars, such as horizontal branch (HB) and red giants (RG), as well as supernovae (SN) [100] . For m 100 keV, energy losses from stars by on-shell production of V dominate the constraints on κ, see Refs. [88, 101, 102] . MeV-scale DM is constrained by SN where we adopt the latest bound from Refs. [103, 104] . The astrophysically disfavored regions are shown by the gray shaded regions as labeled. Note that in our scenario V decays promptly and dominantly into lighter dark particles in contrast to (meta-)stable V -bosons considered in Refs. [68, 84] .
Most of the parameter space shown in Fig. 7 corresponds to a state 2 with a lifetime that exceeds the age of the Universe. Only in the small region delimited by the solid black line in the top-right corner, the heavy state effectively decays. As discussed in the previous section, the abundance of state 2 plays an important role in addressing small-scale problems if σ 12 /m is large. All shown constraints can be easily rescaled to values of g V from ∼ 10 −4 to O(1). The bounds from stars (HB and RG) as well as from SN (gray shaded region) are independent of g V ; for as as long as V decays dominantly within the dark sector, the lifetime of V does not enter the energy loss argument. The constraint on entropy-transfer (blue shaded region) is derived under the conservative condition that the dark sector becomes populated only through the portal interaction. The value of g V is only relevant when m V 1 MeV and g V e, as otherwise the on-shell production of vectors V dominates the entropy-transfer. For bounds from indirect (and future direct) searches, one has to take into account the corresponding change of R 0 ; smaller values weaken the constraints on κ. Since R 0 ∝ g −4 V , obtained from Eq. (3.9), the y-axis can be replaced by (e/g V ) κ. Finally, the limits on self-scattering are not easily rescaled with g V but are shown as two vertical purple lines for ∆m/m = 10 −2 (dotted) and 10 −6 (dash-dotted). For each mass splitting value and g V = e, parameter region on the left side of the line has been excluded. Such limit on m weakens with the decrease of g V .
Conclusions and Outlook
In this paper we have considered a variant of strongly (yet perturbatively) self-interacting DM models in which scattering rates are controlled by a fine mass splitting ∆m/m between an otherwise degenerate pair of real scalars φ 1, 2 or Majorana fermions χ 1, 2 . The gauged dark U(1) symmetry with vector V and gauge coupling g V is explicitly broken by ∆m and thus the interaction with DM proceeds off-diagonally.
We first calculate the DM relic abundance in 4-to-2 number-depleting processes. It is well known that the requirement for successful 3-to-2 or 4-to-2 freeze-out points towards sub-GeV DM, and we study the principal DM mass range from keV to GeV. In order to avoid constraints on dark radiation during BBN, we consider a scenario in which the dark and observable sector do not reach thermal equilibrium. Non-relativistic four-fermion annihilation is inhibited by the Pauli exclusion principle and requires two spin-singlet pairs of 2χ 1 and 2χ 2 . The efficiency of annihilation is hence regulated by the number ratio R = n 2 /n 1 ∼ e −∆m/T , which, in turn puts a requirement on the minimum value of g V for given ∆m and given ratio of photon and dark sector temperatures at freeze-out T /T | FO . In contrast, for scalars, we find the required value of g V to be largely independent of ∆m as 4φ 1 annihilation channels are open.
We then track the ratio R until it is frozen out in the decoupling of the 12 ↔ 12 process. This sets the boundary condition for the self-scattering in DM halos today: whereas the 11 → 22 (11) scattering is kinematically (radiatively) suppressed, the scattering 12 → 12 is regulated by the value of R 0 in the low redshift Universe. The latter is determined by the lifetime of state 2, τ 2 , through R 0 = R dec e −t 0 /τ 2 . We choose a kinematic setting m V ≥ 2m + ∆m so that V decays promptly within the dark sector; τ 2 is then determined by the off-shell decay 2 → 1+V * → 1+SM. For this we couple V to SM through kinetic mixing with strength κ, and for ∆m ≤ 2m e state 2 becomes quickly stable on cosmological timescales.
Since freeze-out in the dark sector through number-violating processes can lead to hot DM, it is usually surmised that the coupling to SM must bring DM into kinetic equilibrium with SM, putting a lower bound on κ. Here, we study an alternative scenario in which the dark sector remains decoupled from SM, but free-streaming constraints are respected 1) by the containment of particles through self-scattering (with diffusion playing a sub-leading role) and 2) by a freedom of choice in the initial temperature ratio T /T of both sectors.
Astrophysical bounds on the scenario are controlled by κ as it regulates the emission of light DM states through the production of V and the allowed parameter space is identical to the one for long-lived "dark photons". We identify the parameter regions where the relic density requirement is matched, and where, at the same time, a self-scattering cross section of 0.1 σ/m 10 cm 2 /g is attained. The latter ballpark is proposed to solve the small-scale problems in the collisionless DM paradigm. We find that it is possible to reach such regions in parameter space while respecting all astrophysical and cosmological constraints.
In a final step, we study the detectability of the scenario in terrestrial experiments. The requirement that dark and observable sectors remain decoupled in the early Universe, puts collider probes out of reach. However, the exothermic 2 → 1 scattering on electrons leads to a quasi-monochromatic energy deposition, enhancing the prospects in direct detection experiments. We find that provided that ∆m > 1 keV and R 0 ∼ 1, the scenario is on the verge of being probable with reported data (S1 and S2) from XENON100, despite the requirement κ 10 −9 . Ionization only (S2) studies are not sensitive at this point.
Several points raised in the paper prompt further investigation. First, we specialized to the case m V > 2m+∆m, which is a restrictive requirement for both efficient annihilation, and detectability in underground rare event searches. It was largely motivated by evading constraints on extra radiation and from astrophysics, however, a more detailed exploration of the parameter space is certainly warranted, particularly in light of upcoming CMB measurements with much improved error bar on dark radiation, σ(N eff ) = O(10 −2 ) [105, 106] . Second, as we have shown, future direct detection experiments will be sensitive to this physics, despite the requirement that dark and observable sector never reach thermal equilibrium and the above limit of a "heavy" mediator. Following recent proposals to employ semiconductor targets with sensitivity to O(eV) energy depositions, among others, a more general study of exothermic DM scattering with astrophysically motivated mass splittings ∆m/m = O(v 2 ) ∼ 10 −6 as well as lighter mediators is certainly motivated. We leave such and related points for future work. 
A Annihilation Rates
Here we provide some details on the rates that go into the Boltzmann equation for the 4-to-2 process. The squared matrix elements |M | 2 are obtained in the usual way and, for fermions, are summed (averaged) over final (initial) state spins; a symmetry factor of 1/2 is included for identical final state particles. For reasons of a tractable exposition, we only list the leading order in relative velocities and ∆m, which means a constant in both quantities. Therefore, the phase space integration is trivial, the squared matrix elements only depend on the initial state configuration, and the rates are directly obtained from the latter through,
where p f is the magnitude of the final state relative momentum and √ s is the total incoming energy; S ijkl is a statistical factor comprising a symmetry factor (1/n! for each set of n identical initial state particles) times the multiplicity of particles that are removed from the plasma in the annihilation (2 in this case). Detailed balancing allows to make contact with an actual 2-body cross section σ mn v of particles m and n in the 2-to-4 process
in which the prefactor of 2 gives the particle number changed by per reaction. In the case m = n, another factor 1/2 needs to be added to the RHS to avoid over-counting. For pseudo-Dirac DM the only non-zero reactions for ijkl → mn are 2χ i + 2χ j → 2χ i with i = j,
for scalars, we find
(A.5) with c 1122 = 72, c 1111 = c 2222 = 5184, c 1112 = c 1222 = 432. Equations (A.4) and (A.5) are exact in the limit ∆m = 0, in the numerical analysis we have used however the full expressions. The sizable number of matrix elements were computed by implementing the models into CalcHEP [107] and FeynArts [108] .
B Solution to the Boltzmann Equation
At freeze-out, the DM density starts exceeding from its equilibrium value, Y Y eq , so that the term proportional to Y eq can be dropped in Eq. (3.2) where s 0 and ρ c denote the respective SM entropy density and critical energy density today.
C Decay Rates and Self-scattering Cross Sections
For DM self-scattering where state 2 has a lifetime much in excess of the age of the Universe, DM may self-scatter entirely elastically, 12 → 12, with cross section: The kinetic condition for the reaction is ∆m < mv 2 /2, where v is the DM velocity in the center-of-mass frame. Radiatively induced elastic scattering 11 → 11 can be important if the above two processes are both suppressed, either kinematically and/or by deficiency of reactant 2. From naive dimensional analysis one may estimate it as,
(C.5)
Finally, for completeness, we also list the decay width of the heavy gauge boson, 
D Exothermic DM-Electron Scattering
Here we provide the formulae for the exothermic scattering of state 2 to 1 on electrons, applicable to direct detection studies. A bound electron has a fixed energy E e = m e − E B with E B > 0 being the magnitude of the binding energy, but a continuous distribution of momenta p e . The process we are considering is ionization, where the final state electron has kinetic recoil energy E R, e . When ∆m is larger than the typical kinetic energy of DM, the signal will correspond to a mono-chromatic energy deposition, with differential cross section, where q = | q| is the magnitude of the transferred three-momentum q = p 2 − p 1 , i.e., the difference in DM momenta of the respective states 2 and 1. Here, F DM (q) and f ion (q) are dimensionless form factors following the notation of Refs. [87, 109] . Our kinematic setup implies contact interactions with the electron, m V q, and the free DM-electron scattering cross section is given by, where a = 1 (1/2) for fermions (scalars), and assuming m m e in the second equality. For liquid scintillator detectors, the process is to a good approximation described by ionization from an isolated atom from a shell with principal and angular quantum number n and l. The atomic form factor is then readily evaluated as the Fourier transform χ nl of the respective radial bound state wave function, Ensuing exemplary recoil spectra are shown in the left panel of Fig. 8 . The right panel shows the parameter space of κ vs. m with current sensitivity in direct detection using the same choice of parameters as in Fig. 7 but equipartitioning the abundance of state 2, R 0 = 1. The statistical procedure for setting the limits follows the one outlined in Ref. [90] ; see also Refs. [87] [88] [89] .
